Lecture Notes — Part 9

Unconstrained Nonlinear Programming

1 Introduction

Nonlinear programming (NLP) is somewhat more complicated
than linear programming (LP). We start the discussion from the
most simplified version — unconstrained NLP, i.e. NLP with no
constraints. Assume that f(x) is a nonlinear function of vector
X = (21, 29,...,2,)" defined over the domain D C R". Consider
an NLP problem

min (or rﬁeag) f(x).

If D=R", then we have an unconstrained NLP problem
min (or max) f(x),

where no constraints are placed on the decision variables x.
Although most of the content in this chapter is largely related to
calculus you may have learnt, we address more closely the question
of how to actually find an optimal solution instead of how to
recognise one.

To carefully specify what sort of NLP problems we will consider,
let’s start by discussing convexity for minimisation NLP (or con-

cavity for maximisation NLP).



2 Convexity

In this section, we briefly consider what kind of situations could
make an optimisation problem particularly hard to solve. We will

need the following important definitions.

2.1 Global minimum

A point x* is called a global minimiser or a global minimum point
of a function f(x) if
x* €D, and

f(x*) < f(x) for any x € D.

The value f(x*) is called a global minimum value of f(x).
Similarly defined is a strict global minimiser or a strict global

mintmum point, where

f(x*) < f(x) for any x € D\ {x*}.

2.2 Local minimum

A point x* is called a local minimiser or a local minimum point
of a function f(x) if
x* € D,

and there exists an € > 0 such that
f(x*) < f(x) for any x € D satisfying
0<|x—x" <e.

The value f(x*) is called a local minimum value of f(x).



Similarly defined is a strict local minimiser or a strict local mini-
mum point, where

f(x*) < f(x) for any x € D satisfying
0<|x—x"|<e.

It is possible for a function to have
e both global and local minimisers;
e neither global nor local minimisers;
e a local minimiser and yet no global minimiser;
e multiple global minimisers.

The basic notion of the solution techniques for the minimisation
NLP we will introduce later is to move from some solution “down-
hill” to a better solution. These methods are guaranteed to find
a local minimum, but in some cases there could be many different
local minima such that the same algorithm with different starting
points will end up with different local minima. And in most cases
we are not able to ensure if the obtained local minimum is the
global minimum.

Opposite to the convexity, global minimum and local minimum
for the minimisation NLP, the concavity, global maximum and lo-

cal mazximum for the maximisation NLP can be similarly defined.

Now we limit ourselves to a specific type of NLP problems — min-
imising a conver function (or maximising a concave function) over

a convex set.



2.3 Convex function

A function f(x) is called convez if for any two points (or vectors)

x1 € D and x9 € D and for any « € [0, 1] we have
floxi + (1 — a)x2) < af(x1) + (1 — @) f(x2).

Function f(x) is called strictly convex if for any x; # x5 € D and

for any o € (0,1) we have

floxi 4+ (1 —a)xs) < af(x1) + (1 — a) f(x2).

Assume that f(x) has continuous second-order partial deriva-

tives. At each point x = (z1,79,...,2,)T, we denote by

() Of(x) of(x)\"
Vi) = ( or, = Oxo = Oz, )

the gradient of f(x) at point x, and by

Pfx) Pfx) . Pfx)
dx? 021072 0x10xy,
Pfx) Prx) . Pfx)
PIx) PP
O0xp,0xr1 Ox,0x ox?

the Hessian matriz for f(x) at point x. Note that the Hessian is a
symmetric matrix since if f(x) has second-order partial derivatives

at point x we have for 1 <1,7 <n

*f(x) _ *f(x)
(%i(%j N 895](%1




Definition. For each i = 1,...,n, the i’* principal minor(s) of
an n X n matrix is the determinant of any ¢ x ¢ matrix obtained by
deleting (n — i) row(s) and the corresponding (n — i) column(s)?
of the matrix.

Example 1. For the matrix

P
-1 4
The 1% principal minors are —2 and 4.
The 2" principal minor is |A| = (=2)(4) — (—1)(—1) = —9.

For any matrix, the 1%* principal minors are just the diagonal

entries of the matrix.

By applying the theorem stated below, the Hessian matrix can
be used to determine whether a function f(x) is convex.

Theorem 1. Suppose that f(x) has continuous second-order par-

tial derivatives at each point x = (z1,79,...,7,)7 € D. Then
f(x) is a convex function on D if and only if for each x € D all

principal minors of its Hessian are nonnegative.

Example 2. The Hessian matrix of the function f(x) = 2% +

2r1x9 + x% at any point x = (x1,x2) € R? is

V2 f(x) = @ 3)

The 1% principal minors are 2 > 0 and 2 > 0. The 2" principal
minor is 2 x 2 —2 x 2 = 0. So, Theorem 1 shows that f(x) is a

convex function on Rz.

!That is, if three rows 1, 3 and 4 are the deleted rows, then the corresponding three
columns to be deleted are columns 1, 3 and 4.
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2.4 Concave function

A function f(x) is called concave if for any two points (or vectors)

x1 € D and x9 € D and for any « € [0, 1] we have
floxi + (1= a)x2) > af(xi) + (1 —a)f(xa).

Function f(x) is called strictly concave if for any x; # xo € D

and for any a € (0,1) we have
floxi+ (1 — a)x2) > af(x1) + (1 — @) f(x2).
Note:

e It is apparent that a function f(x) is (strictly) concave if and

only if the function — f(x) is (strictly) convex.

e If f(x) is a linear function, i.e. f(x) = c¢x for some constant

vector ¢, then

floxi+ (1 — a)x2) = af(x1) + (1 — @) f(x2).
Thus, linear functions are both convex and concave. But
they are neither strictly convex nor strictly concave.

Theorem 2. Suppose that f(x) has continuous second-order par-

tial derivatives at each point x = (x1,79,...,7,)7 € D. Then
f(x) is a concave function on D if and only if for each x € D and
each k = 1,...,n all nonzero k' principal minors of its Hessian

matrix have the same sign as (—1)F.

Example 3. The Hessian of the function f(x) = —3z% + 42129 —
223 at any point x = (z1,79) € R? is

Vi) = <_46 —i)
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The 1% principal minors are —6 < 0 and —4 < 0. The 2" princi-
pal minor is (—6) x (—4) — (4) x (4) = 8 > 0. Theorem 2 shows
that f(x) is a concave function on RZ2.

Now we discuss the domain, i.e. feasible region, of the considered

objective function.

2.5 Convex set

Recall that the set S is called convex if for any two x1,Xs € S and
any o € (0,1) we have axj + (1 — a)xy € S.2
Note:

e The feasible set we consider in LP

Ax <b

x>0
is convex.?

e If g(x) is a convex function, then the set S = {x: g(x) < ¢}

for any constant ¢ (if existing) is convex.
o If g(x) is a convex function, then the set
S = {u = (X‘y) = (':Ula L2yt xnay) ‘Y > g(X)}

is a convex set of R"™!. If you “colour in” above the graph

of a convex function, then you get a convex set.

2Please refer to Chapter 2.
3However, the set of integers satisfying the above conditions is not a convex set.



Theorem 3. If f(x) is a convex function and S is a convex set,

then any local minimum of the minimisation NLP

min f(x)
st. XES

is also a global minimum. If f(x) is a strictly convex function,

then the global minimum will be unique.*

3 Types of Optimality Conditions

3.1 One-dimensional case

Assume that a single-variable function f(x) is defined and has
continuous second-order derivatives on R. Then for any point z*,

the Taylor’s theorem states that for “small” value § we have
1
fla®+0) = f(a") + f(z")0 + 5]‘”(@“*)52 +0(8%),

where 0(6?) indicates a term that goes to zero faster than 6% does
as 0 — 0. In other words,

2
lim o(0%)

50 02 =0

This is a formal way of denoting that this remainder term gets
very small if ¢ is close to zero, and is “dominated” by the other
terms.

The Taylor’s formula leads to the following necessary condition
and sufficient condition for z* to be a local minimum of f(z).

4The similar result applies to the concave function and maximisation NLP.
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First-order condition: If z* is a local minimum of f(x), then
f@*) =0

This condition is also referred to as a necessary condition for a
local minimum, since it must happen in order for x* being a local
minimum. But if f/(z*) = 0, we don’t know for sure whether we
have a local minimum. Thus, it is not a sufficient condition, since

it does not guarantee that x* will be a local minimum.

Second-order condition: If f/(z*) =0 and f”(z*) > 0, then z*
is a local minimum of f(z).
This condition is also referred to as a sufficient condition for a

local minimum.

3.2 Multi-dimensional case

Assume that an n-variable function f(x) is defined and has con-
tinuous second-order partial derivatives on R". Then for any

point x*, the Taylor’s theorem states that for “small” deviation

d = (dy,ds, - ,dn)T we have the formula
Flx* ) = i3 3 G ad ol
' z’:l j=1 ¢

* * 1 *
= FO) + (V) d + 5d" VA (x)d + o([d]]*).
The optimality conditions for the n-dimensional case is shown as
follows.

3.2.1 First-order optimality condition
If x* is a local minimum of f(x), then V f(x*) =
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This condition is also referred to as a necessary condition for a
local minimum since it must happen in order for x* being a local
minimum. But if V f(x*) = 0, we have no idea about whether we
have a local minimum. It is not a sufficient condition since it does

not guarantee that x* will be a local minimum.

We call a point x*, where V f(x*) = 0, a stationary point of f(x).
For unconstrained NLP problems, all local minima are stationary
points.

Example 4. Consider the function f(x) = f(z1,22) = 23 —
r1To + :1:% — 3x9. Then we have

T
Vf(x)= <8£§:), 8(]90;}2()) = (227 — w9, —x1 + 229 — 3).

Solving the system of equations Vf(x) = 0 gives x* = (1,2)7,

which is a stationary point of f(x).

3.2.2 Second-order optimality condition

Recall that in one-dimensional case the sufficient condition for a
local minimum is “f’(z*) = 0 and f"(z*) > 07. If f"(z*) = 0,
then further investigations are necessary.

In the n-dimensional case, the second-order derivative is gener-
alised to the Hessian matrix. If x* is a stationary point, then the

Taylor’s formula at x* gives an approximation
f(x*+d) = f(x )+§d Ve f(x*)d.

If f(x*+d) > f(x*),ie. x*is a local minimum, then we have
dTV2f(x*)d > 0 for any d.
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Definition: An n x n symmetric matrix A is called

e positive definite if x' Ax > 0 for any n-dimensional vector

x # 0,

e positive semidefinite if xT Ax > 0 for any n-dimensional vec-

tor x,

e negative definite if x’ Ax < 0 for any n-dimensional vector

x # 0,

o negative semidefinite if x” Ax < 0 for any n-dimensional vec-

tor x,

e indefinite otherwise, i.e. x! Ax has positive and negative

values for different x.

Example 5. Let I be the n x n identity matrix. Then for any

nonzero n-dimensional vector x, we have

T

x'Ix=x"x=a] + 25+ + a2 > 0.

Hence, I is positive definite.

1 -1
Example 6. The matrix A = ( | 1) gives

(513'1 CL’Q) (11 11> (i;) = (56’1 — 513'2)2 > 0.

for all x € R%. So A is positive semidefinite. Note that for any
vector x = (z1,21)T we have xI Ax = 0. Hence, A is not positive
definite.
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Definition: Assume that A is an n X n matrix. A nonzero n-
dimensional vector x is called an eigenvector of A if it satisfies
the equality Ax = Ax for some scalar A\. The scalar X is called an
eigenvalue of A.
The eigenvalues of A can be found by solving the characteristic
equation

det(A — AI) =0,

where “det” indicates the determinant.

Theorem 4. A symmetric matrix A is positive definite if and
only if all its eigenvalues are positive.

Now we turn back to the optimality condition.

Theorem 5. (Second-order necessary condition)

If x* is a local minimum for an unconstrained NLP problem min f(x),
then

(i) Vf(x*) =0, and

(i) V2f(x*) is positive semidefinite.

Theorem 6. (Second-order sufficient condition)

If
(i) Vf(x*) =0, and

(i) V2f(x*) is positive definite,

then x* is a local minimum for the unconstrained NLP problem

min f(x).
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Example 7. Consider the function f(x) = f(z1,22) = 23 —

T1X9 —l—x% — 329 in Example 4. The function has a stationary point
x* = (1,2)T. Its Hessian matrix is

azf (x) ng éX) 9 _q
2 o 2 o T x10T -
V) = Vif(ane) = | w2 ore | = (1 2> '
8:@83;1 83:%
2 —1
-1 2
The eigenvalues of this matrix are found by solving the equation

Thus, we have V2f(x*) = V2f(1,2) =

2—X -1

det(VEf(1,2) = M) = |~

=2-2)?=-1=B-N(1-)\) =0,
= )\123, Ay = 1.

Since both eigenvalues are positive, the Hessian matrix V2 f(1,2)
is positive definite. Hence, by the second-order sufficient condition
the point x* = (1,2)7 is a local minimum of f(x).

4 Convexity Revisited

Recall that a function f(x) is called conver if for any two points
x1 and X in its domain and for any « € [0, 1] we have

flaxi + (1= a)xy) < af(xy)+ (1 —a)f(x2).

And a function f(x) is called strictly convez if for any x; # x5 in
its domain and for any « € (0,1) we have

flaxi 4+ (1 —a)xs) < af(x1) + (1 — a) f(x2).
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Theorem 7. Consider a function f(x) defined in a convex do-

main. Then

(i) (Necessary condition for convexity) If f(x) is convex, then
V2f(x) is positive semidefinite everywhere in its domain.

(ii) (Sufficient condition for strict convexity) Function f(x) is
strictly convex if its Hessian matrix V2 f(x) is positive defi-

nite for all x in its domain.

In Example 7, the Hessian matrix of function f(x) = 2% — 2129 +
w3 — 3z has positive eigenvalues, which do not depend on x, so
it is positive definite everywhere. Hence, f(x) is strictly convex.
Furthermore, Theorem 3 implies that the local minimum x* =

(1,2)T is a global minimum and a unique global minimum of f(x).

5 Gradient Methods

It is obvious that finding stationary point(s) is the very first step
of the solving of unconstrained NLP problems. Finding a sta-
tionary point for some NLP problems could be easy, but it may
not be the case in many other ones. In this section, we intro-
duce an important class of solution procedures, which cope with
unconstrained NLP problems by applying the aforementioned op-
timality conditions and approximating a stationary point of the
nonlinear objective function, which is usually complicated. Once

again, consider the unconstrained minimisation NLP problem
min f(x). (1)
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Let x¢ be an initial approximation to the solution of (1). Assume
that x¢ is not a stationary point of f(x). Then we choose an initial
direction dg, and an arbitrary scalar value . For a sufficient small
value of a, Taylor’s theorem gives

f(x0 + ado) = f(x0) + (V f(x0))" (ado) + o(a/|dol])

= f(x0) + (V f(x0))" do + o(a||do]])-

If the direction dg has been chosen in such a way that (V f(xg))dy <
0, then for a sufficiently small positive « (such that o(«||dyl|) =~ 0)

we have
f(x0 + ado) < f(xo).
Finding the value ag such that

f(xo + apdp) = ror61>151 f(xo + ady)

gives the point x; = x3 + apdy to be a better approximation
solution to (1). This procedure can be repeated until we find a
“good enough” approximation solution to (1).

The basic idea of the gradient methods is that we choose a starting
point Xy and then at each iteration k£ > 1

1. choose a direction dj, such that (V f(xy))Tds < 0, and
2. find the value oy satisfying
f(xp +agdy) = m>1{)1 f(xx + ady), and
3. take X117 = X + apdi as a better approximation solution
to (1).
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The value oy, is then called the step size of iteration k.
In many algorithms of this category, the direction dj is chosen
by taking a symmetric and positive definite matrix D; and then

calculating
dk = —Dka(Xk) .

This direction dj, satisfies the required condition since

(V) di = (Vf(x0) " (=DuV f(xx)) = —(V f(xx)) DV f (x2) < 0.

Now we introduce two algorithms which fall into the category of

gradient methods.

5.1 Steepest descent method

At each iteration k > 1, the steepest descent method chooses
Dy = I, the n X n identity matrix, which is positive definite. So

the direction chosen is
dk =—I- Vf(Xk) = —Vf(Xk),

and this is a descent direction.” Actually it is the direction in
which the function f(x) decreases most rapidly when moving from

XEk.

Algorithm for Steepest Descent Method

Step 0. Choose a starting point x(, and a small positive scalar e.
Set k= 0.

®Notice that in order to simplify the presentation we do not set the “direction” as a
normalised vector (unit vector).
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Step 1. If |Vf(xx)|| < €, then STOP: xy is a satisfactory ap-

proximate minimum of f(x).® Otherwise, set
dk == —Vf(Xk)

Step 2. Choose the step size aj by solving the one-dimensional
problem
R o() = pp S bo Fadi)
Let «ay = arg migg(a), and then x5 1 = x; + apdy.
a>
Set k =k + 1 and go to Step 1.

Example 8. Consider the unconstrained NLP problem
min f(zy, 29) = 23 — 2129 + 25 — 3.

Although its stationary point can be easily calculated, we demon-
strate the steepest descent method to find an approximation so-

lution with ¢ = 0.5 and a starting point at the origin.
Solution. We have

Vf(xl, $2) = (256’1 — To, —T1 + 279 — 3)T.

Iteration O.

Step 0. Let xo = (0,0)7.

Step 1. V/[(x0) = (0,-3)", and [[Vf(xo)|| = /02 + (=3)? =
3>0.5=¢e

Let dg = —V f(x0) = (0, 3)T. Go to Step 2.

6The point xy, is a satisfactory approximate stationary point since V f(x) = 0.
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Step 2. To find the the step size value «g, we need to solve the
problem

. .
REp () = pip bt ady)

Then we have
xg + ady = (0, 0)" + (0, 3)" = (0, 3a)”

= g(a) = f(xo + adp) = £(0,3a) = 9a* — 9a

dg(a)
do

1
=92a—-1)=0 = 040=§>O

Hence,

1 3N T
m:xwuwh:mﬁf+§@$T:QL§.

Iteration 1.

Step 1. Vf(x1) = (~5,0)7, and [V(xi)]| = /(~3)2+07 =

% > e = 0.5.
Solet dy = =V f(x1) = (2, O)T and go to Step 2.

Step 2. To find the the step size value «q, we need to solve the
problem

Wepole) = g foa +ady).

Then we have

3\T 3 \T [3a 3\7
X1+ ad; = (O, —) +a(—, O) = (_a —)

2 2 272
= gla) = fGa +adi) = F(%5, 7) = Ha? —a— 1)
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dg(c)
do

9 1
21(204—1):0:>041:§>0
Hence,

3A\T 1/3 T 3 3\T
- d - ( ’ _) _(_, ) - (_7 _> '
X9 = X1 + 1dy 0 5 + 53 0 15

Iteration 2.
Step 1. Vf(x2) = (0, —%)T, and ||V f(x2)|| =32 > e =0.5.

So let dy = =V f(x2) = (O, %)T and go to Step 2.

Step 2. To find the the step size value as, we need to solve the
problem

e .
Wi ole) = e +ad:)

Then we have

1 —1—6(2a—1)= = ay==>0
Hence,
3 T 1 \T 3 15
o=xtad=(35) +3007) = F)
Iteration 3.
3 =037 <

Step 1. Vf(x3) = (=3, 0)", and |V f(x3)] =
3 15
18

¢ = 0.5. Stop and declare that x3 = (
7

) is a satisfactory

approximation solution.

"Recall that the optimum to this minimisation NLP occurs at x* = (1,2)%.
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Steepest descent method was invented in the nineteenth century
by Cauchy. The advantages of this method is that it does not

require
e the computation of second-order derivatives,

e solving a system of equations to compute the search direction,

and
e storing matrices.

Its disadvantage is the slow rate of convergence. As a result, even
though the cost per iteration is low, the overall cost of generating
an approximation solution is high.

5.2 Newton’s method
At each iteration k, Newton’s method takes
Dy = (V2f(xx)) "

The idea of the method is that at each iteration instead of finding
a minimum of f(x) we find a minimum of the quadratic approxi-

mation of f(x) around the current point xy,

F6) 2 x4 (9 0x) T (e (e00) 9 F (k) (k) = g(x).

The minimum of g(x) occurs when the gradient of this quadratic
is zero, i.e. the next approximation can be taken as the solution

of the vector equation
Vy(x) = Vf(xp) + V2 f(xp)(x —x,) = 0
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Solving this vector equation and setting the solution x to xji1
gives

Xp1 = X — (V2 f(x£)) "'V f (x0),

which is equivalent to setting

ar=1 and D= (V*f(x)) "

Algorithm for Newton’s Method

Step 0. Choose a starting point xy and a small positive scalar e.
Let £k = 0.

Step 1. If |Vf(xx)|| < €, then STOP: xy is a satisfactory ap-

proximate minimum of f(x). Otherwise, let

Xp1 = X — (V2 f(x£)) "'V f (x0).

Step 2. Set the £ =k + 1 and go to Step 1.

Note that Newton’s method selects a step size a, = 1 at each
iteration k.

Example 9. Consider again the unconstrained NLP problem
min f(zq, z9) = a:f — T1T9 + :1:% — 319

We demonstrate Newton’s method to find an approximation so-
lution with € = 0.5 and a starting point at the origin.

Solution. We have
Vf(l‘l, .1'2) = (2371 — X9, —T1 + 229 — 3)T
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V2 f(xy,x2) = (21 21> .

Iteration 0.

Step 0. Let xo = (0,0)” and k = 0.
Step 1.

Vixo) = (0, =3)" = [Vf(xo)ll = V0?+ (=3)?

3>e=0.5

2 —1

V2 f(xo) = (1 5

N~
<
[N}
=
>
N
it
Il
N

Wb Wl

(VZf(x0)) 'V f(x0) = (

Thus,

X1 = x0 — (V2 F(x0)) "'V f(x0) = (8) - (:;) - (;) |

Step 2. Set k=0+1=1.

W= Wil

Iteration 1.

Step 1.

0
Vf(x1) = <0> = [[Vf(x1)]|=0<e=0.5
Stop and declare that a satisfactory approximation solution is

found.

Newton’s method usually converges much more rapidly than the
steepest descent method, but sometimes it could fail. Besides,
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the calculation of the matrix inverse (V2f(x))~! is hard work.
Hence, there have been several modified methods, which will be
introduced in the advanced subject “Nonlinear Methods in Quan-
titative Management”.

Further reading: Section 11.1-11.7 in the reference book “Operations Research: Ap-
plications and Algorithms” (Winston, 2004)
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