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Introduction to Optimisation:

Modifications of
Simplex
Method

Lecture 4

Lecture notes by Dr. Julia Memar and Dr. Hanyu Gu and with an
acknowledgement to Dr.FJ Hwang and Dr.Van Ha Do



Example

> Solve: min z = 2x1 + 3x2

1
s.t. -X
2

1
1+Zx2 <4
X1+3.X'2 >20
x1+x2 =10

X1, x22 0
» Standard form: minz = 2x; + 3x, original problem (1)

s.t. %x1 + ixz + 5 =4
x1+3x;, =-@a =20
X1+ Xy ? =10 &
X1, X2, 5,€ =0 N?
» Issues: var ‘]"‘L
vaxr
+ The initial solution (5| e,) = (l-(, ) ;Lo) =
* The constraints No T
teonm ble
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Example — addressing the issues
IDEA.

> Introduce artificial variables: 1o adodlyrese I NI 4l
BES issue

minz = 2x; + 3x, modified problem (Il)
s.t. %xl +ix2 + S' =4
x1 + 3x; ‘QQ_ + &, =20
x1+x;, 4 QB =10

X, X2 S €4 ¢ Y Q3 >0

> Issues again: optimal solution for (1) is<ZExgiEpe- |s it feasible for (1)?
kg2 (5i 2 93) BFS=(0,0,4,0,20, )

&
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Example — addressing the issues

> Let’s introduce “Big M ”:
» minz = 2x1 + 3x, + Mal + M QB
s.t. %x1+ix2 + Q'
x1+3x2-€l+ q2
x1+x, + QB
w5, €,y Ay Ry



Big M method

1. Make all rhs > 0;

2. Ad/substracariables to make equality constraints;

3. For each constraint i without slack add an artificial variable a;; ®

4. Foreach a; adfor min problems and subtractfor max

problems.

5. Solve the modified problem (Il) with Simplex method.
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Big M method

» If in optimal solution for (1) all a; = ﬁ then it is OP""M‘K for (1)

» If in optimal solution for (ll) at least one aq; >£, thenitis

TnAfeos. for (1) o @ CI) rndeans ble

> If (I1) is unbounded and all a; = Othen () is IN#Q&{)/M bllun 0(26{

» If (II) is unbounded and one or more q; >0then (I) is either infeasible or

unbounded
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Example 2 — solve with Big M method

=Wl W 11 I8 NV NAIAWW Hlv - -

>

s.t.

Xg,=($ A2 a3)
Lineaxr Hrm OF

‘2'2‘1, - 3'12

-Ma, -

» minz = 2x; + 3x, + qu + M Q3 (1)

5x1+4x2 +§, =4
X1+3x2—el"‘ aa = 20
X1+xZ “' q3 =10

xl’xz’sleg Q, Qs >0

XN‘.: ('I. ‘12_ e;_>

M03 :-O



rhs

) hasis
5
chB7'b

02

B 'b




Twibiap +4obleay 1§ het «n Cahoaicdl
+MQ 1(-)1'\{'23 Form

Example 2 — solve with Big M me HS
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R, = Rq - (M- 3);21'

- _4M
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» minz = 2x, + 3x,
1 1
s.t. Exl +ZX2 <4
x1+ 3x, = 36
x1 +x, =10
X1, Xp= 0

Win 2 = 2%, «3x, + Ma, + Mag

nxX X, +035 =10
X, X, G, 6, €, 6 20
- eal
Xy, = (5 A, R3) :szuzw"“-' )
A



X X, S, Qo Qa Qg | RHS

2 |AM-2 [4YM-3 0 - M 0 0 HEM
5, Y, ‘/q ! 0 ) o H o6
Ayl | 3 0 = | l 0 |35 12
Q3| ) Iy, © 0 0 \ Io? 10
1AM+l 0 © M o -(im3) Jemtx
5| Uy V) | 6 o U |%
Aol =2 V) 0 -\ | -3 I
Lol | | O 0 0 | |10

Ry = Ry

Ra = Ry~ 3R,

B! = R,-5 R,

Re = Ro = (HM-3)R,

HEM - (L“V\-?J)!O = M 430
Opt. value for (n) is 6M+3D

omlk @, =6 F0 - (™) 3:N-f-/uk\'bowwda(



Two-phase Simplex method

Phase |

1. Make sure all rhs = 0;

2. Add slack/subtract excess variables to make equality constraints;
3. For each constraint i without a slack add artificial variable a;;

4. Solve minw = ), a; with the modified constraints from step 3.
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Two-phase Simplex method
mihnw = 2 &¢

Phase Il
> Ifw,,, >0, then () is_Infe@sible , as ot \east Ohe 2¢ >0

» If wy,r = 0 and there are no a; in xp then
1. use Hnol +ableau trom Ph.d
2. rzt‘a\o.c_e, Roe with original OF
3. oer": columng  with a; -2 Solve (1)

> If wy,r = 0 and there are a; in xp then

, use Hnol +ableau 4rom Ph. 4
, teplace Ro with original OF
3. d";"f’ columnse with NoN-basic q;-*Solve (1)




Example 3 (Solve with two-phase Simplex)

» minz = 2x; + 3x,

S.t. %xl +ix2 <4
x1 +3x, = 20
x1 +x, =10
X1, X2=0
Stamdord form:

Min = =2%, « 3,
S.t. '/Z‘JC. + l/qxz'f S' - ""
X, % 3x, -, +a, <20
(,)g) ) 2 2 2
I‘ + ‘Iz + QB --lo

.3 xi QI ei QiQi '7ii



Example 3
Phace £
min W= Qe tQ, Y, %, + '/qxa+£= y
s.t. (Af) e -\-~3:>c -e, +£=.‘UD

BT
=(s, a, Q3) &

W-0Qy~Qy =0—2 Nt Camouwicel, 4as
-‘R R QQ Md 03 are 1O )CBO

w+aAX; +Hx,~-Q, =390
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Phace

W' = 0 - proceed +o Phase (@

Z"'Z?ﬁ"gxl:

as o, omd %, in 4 basi

|
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Example 4 (Solve with two-phase Simplex) Home

0 1TwIe
» max z = 4x; + 5x,
S.t. 2x1 +3x, <6
3x1 +x, =3
X1, X,=0



Example 4



Revised Simplex method: Introduction

» Large-scale LP problems contain large amounts of data, and
» Require even larger numbers of computations in each Simplex iteration
> Consider min (ormax )z =c'x

S.t. Ax = b,

x =0,
For the chosen xB,@an be obtained by 0bSesr vatiow
Afteris calculated, we can calculate the tableau:

basis X rhs

chB'A —c’ [ chB7'b

XRB B 'A B'b
— A — b
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Revised Simplex method: Introduction

> Decomposed tableau for xT = (xy|xp):

basis XN XB rhs

z | chB'N—ck | 0" | chB'b

X BN I | B'b
> Forinitial x5, Bo= L  and 4= N |I)

» The initial tableau :

basis XN, Xg,
T T
“ cB. Bo o -~ Cu, o7
Xg, No T




Revised Simplex method: Introduction
if Xg, iS wot OPHMOL > choose Lp,

For the next xp,

-\
- s =(BL N,

-
R - brings Tebleaw
L &;r*’;\é T canowicel

Ko M
> cp,BirA—c), = C:‘ B:‘(N.\I - (C‘*: | CB;) ]

T ol T Tao" T
re - cafewloie =\C8, B, Mo -Cy, | Cp, B, - C
basis XN, Xg, rhs
Z T B“N - T T o) T c T B"' g
Ca, B Ny~ Cy Cp B -Cy, B,
~ -\ _
XB, B1 N‘ B‘.\. B{'b




Revised Simplex method: Introduction

» Observations:

-1
I, B bor current basiec Can be
observedd In ha colummne

c,orreg?onwiv\% o (Xg

T -l T :
A - CB‘. Bi - CB. > usedu
uswlly
=9



Revised Simplex method: Introduction
\—" 'I'B‘ vwot OPh molL

If (xn,|xp,) is not optimal, select the next xp,
> le(Nou)—(B-l N, | B, >
5 (A)
> ch,BytA—cT = c@, B, (No \I) (Cu. | c,,)

basis XN Xg rhs

0

z - T T o T -~
8By No~ Cy, Ca,?a.&% Ce, B, 6
Xg, R N\_, B" B; b

2




