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Introduction

Mathematical Optimization modelling - some assumptions:
» Linearity of constraints and functions
» Data certainty

» Values of parameters

Real world system

Mathematical model




Introduction

Sensitivity analysis is a systematic study of how sensitive the LP’s optimal solution is to

(small) changes in the LP’s parameters and it is presented to give answers to questions
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1. If the objective function changes, how does the optimal solution change?

Al RHS

2. If the amount of resources available changes, how does the optimal solution change?

of the following forms:

3. If an additional constraint is added to the LP, how does the optimal solution change?

Sensitivity analysis may allow to avoid re-solving an LP if the change in parameters does

not imply the change in optimal basis.
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Introduction
T

» Consider min (ormax )z =c
s.t. Ax = b,
x =0,

where b > 0, and optimal bfs |x*T = (x%|x%) and the optimal tableau:

basis XN 7| xB rhs
—

* LB IN—cL | 0T | cEB b

XB BN I B 'b

» From the tableau:

ck =c,B7IN < (or =)07;
«xg =B71h > 0; Mih mey
o XNy = O,

o 2" =c4B7 b
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basis XN XB, rhs
2 | egB !Ng—cy, | B —cf, [cgB'b
XB BNy B! B~'b
(1) optimality condition
(2) feasibility conditions
(3)
(4)



Change in the objective function coefficient

Non-basic variable:

> Let@ be non-basic variable in optimal bfs, and change ¢;,j € N:

ci —C]+A

]
> How will it affect the solution? ~ Feasibility 7 No
4 va.lu.e. oF ? NO
op Mﬂ-‘\‘h’. Yes

4 A-~(c +A)-Cs B Aj-c; -4 = c;-n
C: ~ redu_’c_.eoi/bgwe

) inang e
The current basis is still optimal i ¢ < 0(= 0), hence
———
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basis XN C 1 xs ” }!s OR basis XN
z* ‘C};B_lN - cNg 07 | B b

§ UTS XB BN | B 'b XB BN,

J'

o+ IN.
2 BB No cNﬂ

AN | R | P R P B



Change in the objective function coefficien

Non-basic variable — an example Igr,?;litgglgfrf
. Ligtgetiy v v /N
» minz = —x; — 2x; basis | ©1 x99 I3 T4 I rhs
s.t. _le + X9 + X3 =2 > 0 0 @ -1 ) @ _13
—X1 + 2x2 + +x4_ =7 0 1 0 1 1 -
x1 + 1.5x; + x5 =3 T2 2 2 J
X1, Xp) X3, Xg,Xs = 0 .« Iy 1 0 0 0 1 3
A z3 | 00 1 -3 3|3
> From the final tableau: cf =<~ | VS22 cT = <:i ..ff 0 ox” ox"">
. _ c g
Il \ c X, =(X3 Xy Xg); Cp.* (0,0,0)
BIN=[ 0 1 Blp=|3 cIB1=(0,~[,-2>
1 3 3 (in ¢} the order is important)
2 2
\ 1 1 1 b\lx 2
p1=[0V 3 3
c i) e (3
L4




Change in the objective function coefficient

Non-basic variable — an example
Xy is non- basic
c, =0; assumec, = A+ 0.

Final tableau:

Rerform the s‘ensitivity analysis: basis | 1 x9 x3 x4 x5 | rhs
. =cg B Ay - ¢y = 0o 0 o0 a4 -2[-13
= CJB"A"- Cy-A = Ty 0 1 0 % % 5t
= ' 1 (0 () (0 1 3
6‘1 -A " 1 3
N I3 () () 1 "3 5 3

A
For ¢, <0, = Cq"A £0

d
-l -A £9
A2 -



Change in the objective function coefficient

Basic variable: » From the tableau:

ck =cIBIN @S. (or =)0T7; (1) op
> Supposethat €p = Cp +Acp, .y, =p-ip>0;, —Mih  MA&y 2) } o
> How will it affect the solution? Xy =0; (3)
A pRmatidy W - valw of OF
Cg = O , hence
AN

T !
cy = CB' B N -C NT.-.-., hence for non-basic components

g =CJB"N—C~T + 4, B 'N =
“k'_xlj\(-\- A%BI\I <0 (min)

The current basis is still optimal if  ¢; < 0(= 0), hence 2 0 ( e

~

Solve  SNotem of TNequalites
A A-For A .
=Cc; +A, B A; &r each xjeux,

C;
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Xy 1S basic ¢z (-2

Change in the objective functi

Basic variable — an example

)

X
¥2
*3

n coefficient
Final tableau:

¢z =0; yasiumezc' =A4+0. . 2\ basis| #; x9 x3 x4 x5 | Ths
HeTnce . B | x )"’ 26 = ("' o 0 0 () -1 -2 | -13
cg = cB+ACB)$31 Ac= (0, ] : 5
s o ) 0 1 0 5 ) 5t
Cﬂ‘ =cér B"'M_ cﬂr - xr 1 0 0 () 1 3
G| 0 0 1 -5 § |3
AT T -) < 2 2
= CN + ACBB N sf
To weep e basis f _—
or"'tﬂ\ﬁl 2* - cé B g =
Hence | | 3 2 = c; 8¢ + Ac: B¢~
<1 -2+ (0,0, 0 0 1 L0 - oF T oy
(-1 ) (' ' l3 ) G s 2 *%CBB 5,‘_-
2 ‘ -
(-1-2) + (-4s, %) <o ° =13 +(°|°:5)(3 =
J =-34%3A 3

. < 3 S 1S 8Kl cpTimal



A ) _—
Change in the right-hand side Cny ~opHmalify. No
Change in rhs affects: 1) Feambility Xg = B-'_f__ ~ Yes

)
2) OF value : 2=C, B E yes

»Let b'=b+ A,

» How will it affect the solution? xp > 0, hence

Xy = B & =R'¢ + B-‘A( = Xpt B-tAg 70

» How will it affect the optimal objective function value?
! ~
Yy o_ T o f T Al T
2 Z Cg B & = Cp B g + CB B A V4
4

i-t—ii z "’CirB-'Ai



Change in the right-hand side
e socs
Example - let's changévthe second constraint by A: xB
o

| L2 r3 T4 L5

b'=b+A,=h+(0,A0)T Final tableau: M
- (?',Jl.‘, (2 basis
To satisf, B _00,

z (0

0

-f !
xh:B g = I 1
0







Change in a column of a constraint matrix

> If the changed columkcorresponds to a non-basic variable, then the
change will affect ) on(%

Xg =R € - Feay - No
A RN 1- -1
C; =caB A;-c; = Cg B A, CJ"‘QBBA

Hence

"
QD>
+
64
cp
>~
'_?

So(ve rn;e\.qua,[{hé
o Ree p Cj sotrsfyin

oi}. wondt+on



» minz = —xq; — 2xy

] s.t. —2x; +x, +x3 =2
Change in a column of a constrair —x;+2x, +  tx, =7
Example - let's change a;s (coefficient for x5) b x; + 1.5x; + x5 = 3
Ag = A5 +04=A45+(0,0,1)" Fina X1, Xz, X3, X4,X5 20
Yow 3, c/"\["""" hS 2 AS' basis | 1 x9 _x3 x4 x5 | rhs
To satlsfzc< <0, 0\ O\ . 0 0 0 -1 ‘ 13
' ZI9 0 1 0 2 ! 5)
5 ) 'S | A B0 0 0 13
L) / / zs |0 0 1 4 23




Change in a column of a constraint matrix
» If the changed column corresponds to a basic variable, then we will have to

re-calculate B™%. Let B’ = B + Aeje;,
» Sherman-Morrison formula:

Suppose A € R™" is an invertible matrix, and u, v € R™ are column vectors. Then

_ _ A" tupT A1
(A+uvh) 1 =471 - T, andonlyif 1+ vTA Tu#0
nN-1_ p-1__ A —1p-1
> (B) =58 1+ABj} B.j” By

 Feasibility: (B")"'h > 0
« Optimality: cZ(B')™IN —cy <0

HUTS



Addition of a new constraint

» Example:

S.L

» Optimal tableau:

Xp = 412 ‘I,)

B =LY, \Y

max z = 5x; + 4x,

¥g. = ( Sy Sa)
x1+x, <10 C'BT =C0'O)
X <4 ° -
1 ch B 1 -
X1,X2, = 0 *Bo
basis| 27 22 sy s9 rhs
z 0 () 4 1 | 44
T9 0 1 1 -1 6
T 1 0 0 1 4
A T o-! - |
= B, - =c.
c)‘e,, CB B ng cBo CB B



I1F BFS sostigties

Addition of a new constraint hew) Consthral vt
» Now add another constraint: max z = 5x; + 4x,
KA A x1+x, <10
X1 <4

xX1,X; = 0
. (4 s
» The current optimal x5 = does@fy the new
constraint x,\ 6

1 [ J
' : onN
> New optimal value .Z‘* < -2* as e feod

— turreat opt. IS ™ot g

» Hence we need to find new optimal solution:
« (*): xy +3x, +53 =15 s;isanother basic vasxiable

« To add s; to basis, need to present (*) in a canonical form ( that is
need to eliminate x; and x,)

(%) = () -

Sa
£UTS




Addition of a new constraint

» Hence we need to find new optimal solution:
e (%) x;+3x,+s3=15 Sz is another

« To add s; to basis, need to present (*) in a canonical form ( that is

need to eliminate x; and x,) : 3
o2 —~
Fso Ty Ta'b‘lew *1 6 - S‘ basis | x T9 51 59 rhs

z () () 4 1 |44

X+ S5 -85, 3__7(40 |0 1 1 1] 6
x, +§, = <1 S S O

H-5, +18 -3¢ +3$_.,}+93 =%
Xy X 3
Sq~ 35, %S, =%




Addition of a new constraint

> New tableau:




Addition of a new variable

» Assume we add a new variable x; with objective function coefficient ¢; and a
constraint column 4; A

-
|. Coalewlote C, = CBTB R: _ C:
) J )
Eyom “?{vu\,ﬁ
Tobleouy

AN
> If ¢ <0(or <£0),put x; in 'J(N , and ‘IBdoes not change

\/\/-/ .
00+, conol. Sahgfeo

» Otherwise x; enters Kaq ST ¢ and the optimal bfs will ¢h e 9 e



basis | = 1 I9

81 89 rhs
z 0 0 4 1 |44

Addition of a new variable z2 (1) (1) [1) 11 2

AN

» Example: let's add another variable: max z = 5x; + 4x,
Xo i1¢ hew vortable S.t. X1+ x5 @S 10

" @

N =
> The current xz = (xz X,) is@and X3 J,
AN

> Calculating A5 = PD"' A - Clurren B¢
3




Addition of a new variable \

> New tableau:

basis | 1 o9 (31 S2\ Xq |RHS
> [0 0o 4 1 \Fal|l 4y
| 0 1 1 -1 -If| ¢
n 10 0 1 7)\y

(U 0 y a2 o [48 KRR
Lol la 7 1 - 6 | ®  R=ReR
Gl o o o1 2 R




x‘f:— X2 8) 19

_ Xq \ % ¢ = +
Big Example -\ ¢
0

» Consider max z = 10x; + 7x, + 6x3 0 J

S' S $ s.L. 3x1 + 3x, + x3 < 36
XB ( 3) Co,= [0, ©,0) x4x, + 2x;3 < 32
Xn = (%2 S, X,

2x1 +x2 +x3S22

Opt|mal ableau Bo Bo B, Xq,%X5,%3 = 0
b N 2 8 N B N h A~ *y S Ss
asis| ©y x9 T3 8 89 83 | rhs
=031, 5)
2 3 0 0 {1 0 5 1146
» | 1L 1 0 1 0 -1 14 .
cpkB™" = (¢)
0 0 1 -3 - (hos)
0 1 0 2
A
e




Big Example basis| #y x9 x3 8 89 83 | rhs
2 3 0 0 1 0 5 | 146

By how much can the
objective coefficient of x; be 11 0 1 0 -1 14
changed without altering the s9 | -2 0 0 | I -3 2
optimal basis? T3 1 0 1 1 0 9 8
M , 3 O = so ¥%g is sHll
c, =C, A =3-472 8

\l/ OPHM&L

A <3



Big Example basis| 1y x9 x3 s 89 83 | rhs
z 3 0 0 1 0 5 | 146
» By how much can the
objective coefficient of x, z2 | 1 Lo 1 0o -1 H
be changed without 59 -2 0 0 1 1 3| 2
altering the optimal basis? T3 1 0 1 -1 0 92| 8
- ¥g=(%2 82 X3)
C, = Cy * A
~
A, i¢ BAsic - will affeect all cp




(34p 20 A2-3

2140 20 = |A =" - f <[ SA &S
“A 70 A SK

\S' b7 cusrent BES is

skl °PHM

A'T ¢ T o=l

Ly = Cg B'N-c, =(cg +A")B "N -¢," =

= Cg B N-c +aAT8'N =
N—

= ¢, tATB'N 20 oph conditon

for m ox



Big Example basis| #y x9 x3 8 89 83 | rhs
z 3.0 0 1 0 5 | 146
» By how much can the rhs
of the first constraint be T2 1 1 0 1 0 -1] 14
changed without altering 59 -2 0 0 1 I 3| 2
the optimal basis? s 1 0 1 1 0 9 8

A

L =8 +(o




Big Example

» By how much can the
coefficient of x; in the first
constraint be changed
without altering the optimal
basis?

X, is non basic

| A
B, =A, ¥\ o0

basis| 1y x9 x3 s 89 83 | rhs
z 3 0 0 1 0 5 | 146
) | 1 0 1 0 -1 | 14
59 2 0 0 1 1 3| 2
T3 | 0 1 -1 0 2 8
- only ¢ , wil be
affect el







