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Introduction to Optimisation:

Unconstrained
Nonlinear
Programming

Lecture 8

Lecture notes by Dr. Julia Memar and Dr. Hanyu Gu and with an
acknowledgement to Dr.FJ Hwang and Dr.Van Ha Do



Introduction

> Let f(x) is be nonlinear function of vector x = (x4, x5, ..., x,,) defined over

the domain D € R™. Consider an NLP problem

> IfD =@ then we have an unconstrained non-linear problem (NLP)

min f(x) (or max f(x))

where no constraints are placed on the decision variables x.
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Introduction — some definitions

» Global minimum:

A point@is a global minimiser or a global minimum point of a function f(x) if
* The value f(x*) is a global minimum value of f(x).

« A strict global minimiser or a strict global minimum point is defined as
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Introduction — some definitions

> Local minimum:

A point x* is a local minimiser or a local minimum point of a function f(x) if
* The value f(x*) is a local minimum value of f(x).

» A strict local minimiser or a strict local minimum point is defined as
x¥ s a local mimmiser , f
fLere existe S €D
fa*) ¢ f(x) for oy x €S
Shick Jocal Minimicer £
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Introduction

» It is possible for a function to have

> Dboth global and local minimisers: > neither global nor local minimisers:

A
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Introduction

» It is possible for a function to have

» alocal minimiser and yet no global > multiple global minimisers
nx
minimiser; A Sw\toba. [ m“\:‘
P

> %\Obda Wu:v\

» unique global minimizer
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Introduction

. n
s R onvey ?

> In this course we will consider only a specific type of NLP problems —

minimising a@vexfunctio (or maximising a(concave functiofj)

over a convex Sset.
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Definitions:

Assume that f(x) has continuous second-order partial derivatives. For each
point x = (x4, x5, ...,x,) denote:

> Gradient of f(x) : / ayl

V-—F(‘I) = ;}x’:i

2 Xa
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> Gradient of f(x) : 9..[:
X
VE(x) = [ ac

" mgm 8:‘.111
Definitions: G
Assume that f(x) has continuous second-orde St .es. For each
point x = (x4, x5, ...,x,) denote:
> Hessian matrix: X, Xy T Sy
2e A o o
Q"F /31‘1" ax,dx, . - . X, DXy
H(X) =V 1 a‘-F £

E atf
x' 3'1..312 - =T axh.

o Of (%) is Nxn  s{mmetrical matrix:

D uL (',\mrou.:f s huovem
a‘f- _ ' f
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Definitions:

> ith principal minor(s) of n x n matrix is the determinant of any i x i matrix
obtained by deleting (n — i) row(s) and the corresponding (n — i) column(s)
of the matrix.

Example: A = | ¢ 1st principal minor(s) : ¢ = | ) h-t = |
always oy Y,
h=12% . '
e main

obtaﬂ«ww

20d principal minor(s) : =4, h=t = O

2 -] —
(1) -
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o «-2: ¢=1,%2,3
Definitions: ’ P

1 2
Example 1: A=(4 5 1t principal minor(s) :

2nd principal minor(s) : (.,:7_ .h-.c =1
< 6 L2y
oo | =0 ..M(“ 5') ==
'-au:(' 3) - -3
I 0




Convex function

» Afunction f(x) is convex if for any two points (or vectors) x; € D and x, € D and for

any a € [0,1]

flgat (L= 0x) < af() + (O 7 a)f ()
YA £t £(=
(2., #l )y ¥ =2, + (1-d) X,

- -
» Theorem 1. Assume that f(x) has continuous‘@ccﬁﬁ’rder partial derivatives for
each point x = (x4, x5, ..., x,). Then f(x) is convex function on D if and only if for

each xe€ D all principal minors of its Hessian are nonnegative.



Convex function




Concave function

» Afunction f(x) is concave if for any two points (or vectors) x; € D and x, € D and for

any a € [0,1] ffc, = AN, ‘!‘(‘—A)xl

flax, + (1 — a)xz) 2 af(x) + (1 — a)f (x2).

t (§> > M’(oci) +(1-4)F(22)

» Theorem 2. Assume that that f(x) has continuous second-order partial derivatives for
each point x = (x4, x5, ...,x,). Then f(x) is concave function on D if and only if for

each x€D and k = 1..n all nonzero k" principal minﬂors of its Hessian matrix

have the same sign as (—1).
h
* det (-R) = (1) et A

o if £(r)is convex
-£ () is conecave
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Concave function - o
> Example 3: f(x) = —3x% + 4xyx, — 2;:' ///




Convex set — some results

> Aset Sis convex if for any two points (or vectors) x; € S and x, € S and forany a €

[0,1] axy + ‘1 — a‘xi € S.

¥

> If g(x) is a convex function, then the set S = {x: g(x) < c}, for any constant c is g (‘z)
\_/W
convex X a5 C .T -

oe ¢
?‘OOL C,V\G\\wqg

> If g(x) is a convex function, then the set

S ={u=@ly) = (1 .0xy)Y = 900}

is a convex set of R™*1. If you “colour in” above t raph of a convex function, then you

365)
S

get a convex set. ﬂ\




Convex set — some results

» Theorem 3. If f(x) is a convex function and S is a convex set, then any local minimum

of the minimisation NLP

is also a global minimum. If f(x) is a stric|‘y convex function, then the global minimum will

be unique.

f(t) i strictly convex, f  for
X =AY+ (1-d) Ry 5 e (01)

‘Y'(,%) £ JwF[‘I,) 1 (' -ol)—F(th)
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More definitions

bor any x £ ©
Let A be n X n symmetric matrix. Then A is
» Positive-definite if » Positive- semidefinite if
T

XT A °* SO X A‘ X 20

» Negative- definite if » Negative- semidefinite if
T <
2T N <O xT Ax £ O

o T ~
> Indefiniteif o S0me L A x>0
Come =3 '-i.rpt x <0



More definitions = E
» Determine the type of the matrix x"’
A=1. it xx #£0
T 2 R _
T > = % x =x*x,4...%2, =
\fv—/




Av=Av

More definitions o Lind eigenvalues

Theorem 4. A symmetric matrix A is positive-definite if and only if all its eigenvalues are
positive. Solve et (n -AT ) = 0.

* Note: we can also calculate the upper left determinants

Example:[_z1 _21] - 10 Eindl a\\ e\ W\UG.\\LQS

2~ -
=0
solve M [_‘ 2-)\ .
(a-k)z-‘ = ©
[Q-)\)N = by Th y all

el 5uwa.\u.e,s oxe




Optimality conditions
One-dimensional case - assume that that f(x) has continuous second-order partial
derivatives for each x.

> Taylor series expansion of f(x) centred ata : f(x) = Ym0 I nl(a) (x—a)t;, e
linear approximation would be
Fla'+0 ) = f (sc*> +.f (9@‘”) 0
9 = oc-o¥ \/‘/"-}
0

» First-order necessary optimality condition:
If x* is a local minimum of f(x) then f'(x*) =0. 7 otherwise

i+ 'C((OQ¥>>O > choose < 0O 1+ '(')[(?C*>-<DJ> 0> D

£ 3 < £0x7) o 43) < (=)

—
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Optimality conditions

One-dimensional case - assume that that f(x) has continuous second-order partial
derivatives for each x.

» Second-order sufficient optimality condition:
If f'(x*) =0and f"(x*) >0, then x* is alocal minimum.

i(aﬁﬁ} ) qC(vc*’) +~C‘(9¢“>g +&t/— I“(m*>52
" . N _/
0 wou ok be. ?os\ﬂH\)C

J v
Pa?) < &(x48)  EUAC
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Optimality conditions

Multidimensional case - assume that that f(x) has continuous second-order partial
derivatives for each point x = (xq,x5, ..., x,) in R™.

> By Taylor’s Theorem for a small deviation d = (dq,ds, ...,d;,)T

i(;ﬁ%&) = qﬁbc*> + w + t|i o' v%f-’(x"‘) ybezg\ﬂg\

% i 54 ) iy 0(”0"0)
F ai( -
a«(-’(ac)at "

v Zzam 2ke




Optimality conditions

Multidimensional case - assume that that f(x) has continuous second-order partial
derivatives for each point x = (xq, x5, ..., x,) in R™.

» First-order necessary optimality condition:

If x* is a local minimum of f(x) then Vf(x*) =0
b=

Plateol) 2 F(x7) « o) d
ey we alwaygs
C o M/mose 0&.‘

el Qiﬂg>d <0
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Optimality conditions

Multidimensional case - assume that that f(x) has continuous second-order partial
derivatives for each point x = (xq,x5, ..., x,) in R™.

» Second-order sufficient optimality condition:
If VF(x*) =0 and V?f(x*) is positive — definate, then x* is a local minimum.

HDLH@D:& L™ )+ \mcr((ﬁ o+ Lof@%(ﬁ 0&
( > { -:> &/Y—\>/

\
0 TR N2 ?OCA'PNQ
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U
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Summary: necessary and sufficient conditions for
min problem

Theorem 5-min. (Necessary conditions) If x* is a local minimum for an
unconstrained NLP problem min f (x), then
» Vi(x*) =0, and

> V2f(x*) is positive semidefinite.

Theorem 6-min. (Sufficient conditions)
> If Vi(x*) = 0,,and
> V2f(x*) is positive-definite, ®

then x* is a local minimum for the unconstrained NLP problem min f(x).

HUTS



Summary: necessary and sufficient conditions for
max problem

Theorem 5-max. (Necessary conditions) If x* is a local maximum for an
unconstrained NLP problem max f (x), then
» Vi(x*) =0, and

> V2f(x*) is negative-semidefinite.

Theorem 6-max. (Sufficient conditions)
> If Vi(x*) = 0, and
> V2f(x*) is negative-definite,

then x* is a local maximum for the unconstrained NLP problem max f (x).

10: 21
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Example

> For f(x) = 2x2 + x2 — 2xyx, +2x3 +x7

a) Determine minimizers and maximizers

b) Indicate what kind of max/min are these points (local, global, strict etc)

1. Need vwotw of(x) oauwd @ (x)
0( Yx, -a %2 +6 x + '-fx,3

V'Hx) =

.\ 112 - 9~1|
X X2
/‘l-[-lax,fl:l:x," -2 \




2. Find x: Vf(x) =0.
v

- {qxl -a22+6 x2+ 4z, = O

1'11'1111 =9 -~ xl:xz
2
qx.~21,161,’+\f1,3=0 T2
I\*3mﬁ'¥21?-=0
X (2'13'* 3, + l)
-1
'l -3 % \(q_? /
9) ml = (., \
..}ll

O whon

X, =

v (x

X = (-l

ﬁ
h

Q
%

L}
) Y4 122 +12%,* -2

th)=

= (Y

x= ()

. L -2 wse TW. Y:

07([0|0) :<_2 N _’So[ue,
M("")\ ’2):0.
A ) -1
Y-AX 2-A) -4=po

-~ .



all eigeuvaluyesy of Vevf[o,o) ave pos~ve
v

bﬂ ™y o*f [0.0) F05~de+ - x=(0,0) i
y _2) local i micer

ORI

7 pos. et o xf-1,) i
1otel wminimiser

| ' "2
< 5[, h) ( )

vy use Th.Y: M(I-/\ "2).:0

-2 2-A
Q"')\)(?. -}\> -Y=0
\*-3\-2 =0,
X :§+ (CI'I'g
; o >0 o works
A :3~“QL8 we Th. Y.




Ute cbkinition - X £ 0

| ~2 X )
(‘X‘ 'xz)(_l l)(l‘z

X
i (‘xflil , "Xt 11;>< '> - x'z'- L3, Xy - 31\‘11+2:(;':
Xa

Z
Sl Hax, 4y - 2er =(0m22) ‘(G ’2) = (*)

i e 2 (9 <0y
3(.=lel ) 12#0‘9 (*)70 ")z

Tnde fimte
So, (90) aud (-, “I) are local min ?
0, 0) = 0
L( ! ) E hot waique  local min

g(-r1)=0

rf(x) =2x% +x% — 2x,x, +2x3 +x{ =

:1‘2"2‘!‘&:‘\' x;t + J'—.t(l-l'zx‘i'I,z) =

= (x-x,)+ 2, (1+2)° 20 for amy x

(0.0)  aud (1,-1) ore
gloval Minimidere



Necessary and sufficient conditions

Theorem 7. Consider a function f(x) defined in a convex domain. Then

> Necessary condition for convexity: if f(x) is convex , then V4f(x) is

positive-semidefinite everywhere in its domain.

>*Sufficient condition for strict convexity: Function f(x) is strictly convex if its

Hessian matrix V4 f (x) is positive- definite for all x in its domain.

> Example: f(x) = x# — xyx, + x5 — 3x,

HUTS



) =x2—xx,+x2-3x, 9 Eind Mmin

‘f _ AL, - X 4
04y (1)
L -1 .
VQ'F(‘I) =( S Test Wing ThH:

2
Ak (U -AT)=0> @) = |
See abo ve
Ay=s Az =3
v
Va'f'(x) i g pos'r\i’ve-d.d fo v

all KL

J
o 4!(3(,) shr\d-l% convey (b31h4>

Find min F[2) !  Solve vf(2) = g

dx, -x, =0 O

“:,‘F&T:*B:O @)‘1

A¥ =Xy - AX, +Yx, -6 0
3x,=63 X, =2 5 K=

» })3 ThJG, V‘F(‘(z)=0 ot ol VQ£(||2)~POS.C(€{'°

(1,2) 35 local min




’ b3Tk3 (I.Z) 1S wnique global min
Theorem 7 - example

> Example: f(x) = x? — x;x, + x% — 3x,
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Unconstrained non-linear optimisation — some results

» Theorem 1. Assume that f(x) has continuous second-order partial
derivatives for each point x = (xq, x5, ..., x,). Then f(x) is convex function on D

if and only if for each x€ D all principal minors of its Hessian are nonnegative.

» Theorem 2. Assume that that f(x) has continuous second-order partial
derivatives for each point x = (x4, x,, ..., x,). Then f(x) is concave function on
D ifand only if for each x€ D and k = 1..n all nonzero k‘* principal minors

of its Hessian matrix have the same sign as (—1).

» Theorem 3. If f(x)is a convex function and S is a convex set, then any local

minimum of the minimisation NLP
min f(x)
s.t. x €S
is also a global minimum. If f(x) is a strictly convex function, then the global

minimum will be unique.

» Theorem 4. A symmetric matrix A is positive definite if and only if all its
eigenvalues are positive. Note: we can also calculate the upper left
determinants ’

» Theorem 5. (Second-order necessary condition) If x* is a local minimum for

an unconstrained NLP problem min f(x), then
Vi(x*) = 0, and V2f(x*) is positive semidefinite.
» Theorem 6. (Second-order sufficient condition)
If V(x*) = 0, and V2f(x*) is positive definite,
then/x* is a local minimum for the unconstrained NLP problem min f(x).
» Theorem 7. Consider a function f(x) defined in a convex domain. Then

Necessary condition for convexity: if f(x) is convex , then V2f(x) is positive

semidefinite everywhere in its domain.

Sufficient condition for strict convexity: Function f(x) is strictly convex if its

Hessian matrix V?f(x) is positive definite for all x in its domain.
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Gradient methods - motivation

Finding stationary points is not always possible or easy

Gradient methods
IS
a group of iterative procedures that approximate stationary points

by applying the optimality conditions .
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Gradient methods a_Pmel.mw o

»Consider the nonlinear NLP: min f(x) and let x, be the first ; dp - initial
direction; a — scalar. By Taylor’'s Theorem:

$Cx,+ad ) = £(2,) +ER)ud + 3 ATVH(E) A
£

X 0 > I&NoE

»Basic idea (for min problem):

1. Start an iteration k with x;, and chose direction d,, so d.
= rF‘Ig>>'F(:(2*°L )

2. Find a;> Buch that -P(x,‘-r dgo‘g) < V:‘)g "F (Ig"'a‘dk))

3. Let xpy = Xy + dy Ay
» In what follows, d;, is chosen as dp_ = - Dg v"l:(xt)
Whexre D ic pos-dedf :
'r(xu + Ay dlt)‘:-' -F(D( "3 = V-}(I;}TDK V‘f(xz)&

$urs ——
‘FG(K +dp dp 3 < 'c{xn)




Steepest descend method

~> Step 0. Choose a starting point x,, and a small positive scalar €. Set k = 0.

T R

Step 1. If ||Vi(xi )|l < €, then STOP: x;, is a satisfactory approximate minimum of f(x).
Otherwise, set dy = —Vf(x,) = D, = T

Step 2. Choose the step size a;, by solving the one-dimensional problem

min g(a) = min f (xx + ady).

Set x441 =x; + aidy. Setk = k + 1and go to Step 1.

HUTS



Example

> Find min f(x) = x? — x;x, + x5 — 3x,

Let I(')':(o) ) 6:}1

f(x) = x2 —x1x, + x5 — 3%,
‘F( _ Ax, =Ny
vy (-—ntﬁlxl-s)
E._L.ﬁ- D(“) = (:)
" of(n)= () » Nostoll =3>€
R () e ()

3. i(é~i=¥{°. BAi = 9a* - & ‘



min g(a) ot stet poiwt| : q'(s) = 0.

3'(,&)-‘-\2&-“ =0 —7eL:‘/l

min 8§
— + >
- e yz




3. 3(&3:4(3/\,'3/;%0 =

f(x) =x2 — x1x, + x2 — 3x,

_ q- 3 3 .\ 3
e PRI P REC
f - 3 -4 -o.
§'(+) =~ ra(3+39 A
.8 .99 _
Ib + ‘l-?—eL- = 0
mh
4, _4a _ d =+
B:~" 1 =©° -/
(3) 3/‘* ?"
y, o€ = %) (o ' §
) 3/2.‘”8- 8
(2
&t__ 3, _Is -3
. 3/L,) 72 "7 a 2|
of (5 ] (s 1s .|°
/e ytg -3 b



X, - cerrewt APproximah ow

Newton’s method
)

1. Let g(x) = fx) + Vf(xk)T(x —x) += (x —x) V2 £ () (x — xk)

{fgs- \IC—
2. ming(x) = Vg(

+ VAf () (x — x) = 0
4. Solve (3) for x: V J:(‘.t )(x xg) —V-F[I,:)
X- 2, = [V»C(x,.)j - o4 (%)

o [v -F(x)] ,VL )




Newton’s method

Step 0. Choose a starting point x,, and a small positive scalar €. Set k = 0.

Step 1. If ||Vf(xy)|| < €, then STOP: x,, is a satisfactory approximate minimum
of f(x). Otherwise, set
-l
o 4] o)

Step 2. Setk = k + 1andgoto Step 1.
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Example

> Find min ; f(x) = x? — x;x, + x% — 3x,

-f _ Ax, - X,
Y} (9— (-—t‘-&lxl-g,)

) [ 2 -1 N "_L 2
V#(x) = \-\ Z/ [V ’F] =3 (, z)
0. =<:)s £}

I.i..o Vac(v.o)r-'-' < 0,-3>; | vf(onll =3>¢€.
Te—— N




iR H

L d () ) (: )-, 194 (h2)l = 0 <€
X=

1) s v



