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Introduction to Optimisation:

Constrained
Nonlinear
Programming

Lecture 9

Lecture notes by Dr. Julia Memar and Dr. Hanyu Gu and with an
acknowledgement to Dr.FJ Hwang and Dr.Van Ha Do



Introduction

> Let f(x)is be nonlinear function of vector x = (x4, x5, ..., x,) defined over the domain

D < R™. Consider an NLP problem
‘ )

minz = f(x)

s.t. Ax = b,
\——— /

where 4 is m X n matrix, rank A = m

» Assume that f(x) has continuous second-order partial derivatives for each point x =

(X1, X2, ..., Xp) IND = {x . A)(:gj
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Preliminaries

» Null space of A,,,x,,, n = M is

N(A4) = {p: Ap = 0}

» Range space of A,

R(A) ={q € R™q=ATA, A € R™)

> N(A) and R(A") are orthogonal subspaces: for g € R(A) and p € N(4) :
q'p=AAp =0

» Anyx e R x=p+g
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Example:

Reduced function '[

s.t. 3x1 + ZXZ =6

£(x, %) = T, 42y ﬂ

contolwr lines
axe carcles

da, +ANX, =6 9
x‘).: 3"3/2 'I.

'
> min f(xy,x,) =x% + x5 C*) { P Y
4 .
|
\
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@(X.) = :Ilz'f' (3"%'15)2. > £Lnd min @(J\)

‘ Findd where P'=0
‘CP(I.) =dx, + 1(3- 7, x.) r(%_) =0

liﬁ\-q-\-%'x‘:D. x 2

L[Il -
(37,




Reduced function

In general form: Ax =b g <8 e N = e
> Choose xp , then x = (tu) -vﬂxz{a(BlN)(x ): .l,‘ a'
" 15= .‘C'B‘.MIN
(x,,) 8'¢ -8'Nx,|  [3'8\ [-8'N)
X = . = = + L,
> x=5c',-\-2:c~ (particularang_homogenemm)}ns)
Ax =6 A( x z
hi+%x)=A3L+ Z2x,) =6,
( 0) 285 A

n

b 0
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Reduced function _n:—lso ﬂ’-ﬁi;(_'ed

» Reduced cost functig_n is of variables
P(xy) = £ (X +2 %)
ingtead of solwing Mmin £(x) Ssolve Mmin CD(@

:l:ns%t i\i“ wnepus frained

> Thematrix Z is bacis magryy  ©Of thenull space of Ay
as 2% generates all P:ax:ﬂ?fﬂ

-
Null-space basis matrix for A,,,»,, is the n X (n — m) matrix Z: B N

SOMme . T
J parbielar s-n

> In other words, if Ax = b, then any feasible point x = X + p, where p € N(4)

» Hence Zx, and —Zx,, are all possible feasible directions for an arbitrary x,,.
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Reduced function

Example:

> min f(xq,xy,x3) =x% + 4x,x3 + x2

s.t. 2%, + x,+4x3="5 (_,_)

3x1+ x, —x3=1
» The feasible set is all ¢ SM:S'F‘(‘.Y\Q C-X)
s
p=(z ' ° %=(
3 I | !
we ore golng fo Conshrueted reduced
funchion , amel Rence golve tue prohiem:
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Reduced function

Example:

> min f(xq,xy,x3) =x% + 4x,x3 + x2

s.t. 2x1 + x,+4x3=15 (A l‘) ~ (I l.{]"{)

3x1+ x, —x3=1

> OR use. Caussan- Jordan reduchion

2 U oy S‘\ B 2] s/l\
~J | _q_ _lB ~
3 1 )| 6 2 | "{/ '
RN 1 0 -5 |-H 6fn“5"3="'
oy IR 0 1 1y |3 %+
0 some as
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by ™. ¢ ,if inx?

Optimality conditions vid=0 aud 9% s
pos-def o

» Unconstrained NLP problem with a reduced function: - .
X' 1s min

min ¢ (xy)

where ¢(xy) = f(X + Z ‘IN>

» To set optimality conditions find

-
1. Reduced gradient V ¢(xy) = & of ('xn)
gracdient of reduced £-n

2. Reduced Hessian V¢ (xy) = -ZT Vz'(: ('X,..) z
Pessiom ot reduced £-p




Theorem | - constraineal
Optimality conditions

—
Theorem 1. (Second-order necessary conditions — Linear equality constraints)

> If@a local minimiser of f(x) over the set {x : Ax = b}, and Z is a basis

matrix for the null-space of A, then

i ZFx))= 0,and

i ZTV2f(x*)Z is positive semidefinite.

£UTS



OptlT,aggnceszon" space of A f decreases
Vf(x) is to N(4)




Thweorem 2 - conghrained

Optimality conditions
Theorem 2. (Second-order sufficient conditions — Linear equality constraints)

> If Z is a basis matrix for the null-space of A and the point x* satisfies

i Axi=p = x¥ is fearible

i Z'f(x*) = 0,and
ii. ZTV2f(x*)Z is positive-definite.

then x* a local minimiser of f(x) over the set {x : Ax = b}.

Observe that given a point x for a considered linear-equality constrained NLP problem we can apply directly the above two
theorems without deriving a reduced function.

£UTS



£ B=2 9 B":—;_" "
Optimality conditions - example

> min f(xqy, %y, x3) =x% — 2x; + x2 — x% + 4x;

s.t. X1 — Xo+2x3=2 a-= (l -\ 1)

> Vf(x)=(2%, -2 V2f(x) =% © ®
2%, o 2 ©
.ax,-l-'-l —x, N:( (o] o -2 _q :.B-‘

> XN Z(xz x’) Xp

-zt <] ‘})

A2 O |
> ZTIV];(E'C\)-:):Q‘-:‘)Q Lk, - L ("‘-‘1“1*2"2 ) B (0)
&L <\ . —\0

T o.otiemt
HUTS



Az -1z 5O k 2"y (x) = 0.
“Yx 4y -2%44 = O

X; —X,+2x3=2 - Feas. X = {

add fue comeiralnt
asS omofwer eqw\,
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Optimality conditions - example

» Solve the resultant system of equations:

> x* = Check second order condition (iii) for x*:

g4 -y |
ZTV2f (x*)Z = ( 6) - solve ot (v‘Q- )\I) =0
-y

with eigenvalues: L ,\ y Y
-\ - -0 N-100A +3 =D
M ( -y G -g O T
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Pos-ve
Henee 2" v (m’)a is  pog. - daf -

X \S \ocal. waw od -F[I.)
St. Ax =§.



Lagrangian function — preliminaries

» Let x* a local minimiser of f(x) over the set {x : Ax = b}, and Z is a basis

matrix for the null-space of A. Then Vf(x*) = Zv* + ATA*. Hence
q V4
: ’ ¥ T
e)=p + q =2vT.eq A

as N(&) end R(A) axe ortwogones

spaces
o min of £(x) x? ETV-F[I')z O =

Hente 270f(x") =2"2v+ + 2747 1" =0

——
Ay
22zv¥%¥=0 0
{
v¥=0
v
"

£UTS V-F(Dt’) AT



t ,
(Lombee o.?:'-l'cl.)
where A = (44, ..., 4,,) is a vector of Lagrangian multipliers



Lagrangian function — equality constraints

» Consider an NLP problem
minz = f(x)

s.t. g;(x)=b;,i=1..m (**)

Ax=4¢€ it “"%a.uuis

» Introduce the Lagrangian function with Lagrangian multipliers A = (/11

L(x,A) = -F ('I.) + )\T Q“AI)
£ + 2 n (8- 5:09)

L
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L (=, 2-4 (%) + f)\ (6: - 3:9)

Lagrangian function — equality co

aL(x A) s ‘{ "’c(x‘)

> Assume that (x*,A*) minimazes L(x,A). Then at (x*,A") A A;
OL(x, ) , :
o= bem(x)  =0i=l.m

¥ s feamible For or\%qnodl_ Problem

Hence x* (does/does not satisfy (**). - x oy

To show that x* is optimal , consider any feasible x’( for original Pmblem/)

LT, ) =0 7 SN (8 g e) 1@7) = 4(x)

‘ L(x‘,JL'):qf(x'%qu/\'i(’5{;36(50)
as f' 15 Leamble

Summary: If (x*,A*) minimazes L(x,A), then x*is locel muin
of consthroarnee NLP
min +(x)
s.t. ﬁ'x - g

HUTS



Example 1
Consider the NLP problem:

> min f(xq,x, ) =x% + 2x5

st x{+xz=1¢)

a) Write the Lagrangian function for this problem.

b) Use the Lagrangian to find local minimiser(s) for the given problem



Example 1
Consider the NLP problem:

> min f(xq,x, ) =x% + 2x5

st xf+xi=1
» L(x{,x,A) = —J[(')C> + ZA\ (@L - 6[(1>> - Ii + &th + )\<1~ g.(}_ jzz)

To fad min L(‘JC)JQ 2%, - A, A =0
NV
> VE(x,x,1) =0 = = q'x,a' - axz)\ =0 -

HUTS



Lo, = A, A ®
) AN, = 2, A @
xFexr=l @
@ 'x\:O ovr )\zl (xl?EO)
l l
'f.l:.'.".|('f'f0m©) LSO (,(!.(OM@)
U J
X, =8 S N=2 X, =t (%om@)
( 0, ‘) ("'0)
(0,-) (v ,0)
x, =0 Q¥ AN o= a (xm #'7)
® > ) y
x‘ = + | I‘;—O (‘("fOW\ ('))
Y J
A = | jcl.-:i\
L(i’ ||0|| =] +0 -\-Ir(l—-l-o):l
D T

L(x’)bzxi Qa4 )\<1~ 2.C‘Z— :rj)

L(o,%v,2) = o%ax ax(1-0-1) = o
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Lagrangian function — equality constraints

» The first-order optimality condition for unconstrained NLP requires that

vL(x,A) = i.e.VAL(x,\) =6-A1§md V.L(x,A) = (***)
=0 = 9f(x) -ATA=0

V.L(x,\) = s Vi(x) =
vix) =A"A -

> Any point (x’,A") satisfying (***) is a s.".'.@e\—‘LQV\QI'pgint for L(x,A) and a
feasible point for (**).

. S-|~a;(-'c-\—tov\wrn Pofw't o L(:c, >\>
(x* )C') <« x¥ is feuivle for

. Cowntly ar nlo\ o?'\' .
probiem (=v¥)
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Lagrangian function — equality constraints
Theorem 3. - COW&Ar O\ el

> If (x*,A") is a stationary pointto L(x,A) :

¥

120N —gi=1.m —» Feomeility of =

20X =0, j=1..n - V'f'(i') A _/L > 2z v.Hq) =
] e aoe =2 AN =0

3. Each g;(x) is linear And f(x) is a convex function,

then x* is a local minimum of f(x) on {g(x) = b}
i F(x) is wot eonvex, fuen
ack 4 2 9 (x 12
pos- - +
$UTS



Example 2
Consider the NLP problem:

> min f(xqg, %y, x3) =x% — 2x; +x2 — x% + 4x;
s.t. X1 — Xpt+2x3= 2
a) Write the Lagrangian function for this problem.

b) Use the Lagrangian to find local minimiser(s) for the given problem



Example 2
Consider the NLP problem:

> min f(xqg, %y, x3) =x% — 2x; +x2 — x% + 4x;
s.t. X1 — Xo+2x3=2
L ('I;,I;"f; ) x) = x2—2x;+ x5 —x5+4x; + >\(l - x,+x2—2.'1‘3)

L Find Stahonaery 2x,-2 ~-A=9©
Poi“"' °+ L lx + )\ — o
2

» Vi, xx32)=0 = —
‘1'£3""’| —1x= O
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2 0o 0 -~| 2 |0 © h '
(9) 2 0O [ (0] ~ o | O }'7_ 0
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| o o o] [
o 1 o o0][-3% - (x*, ') = | %
O 0 V o0|-I -
O o O 1]3 3

Rssume  we found (', AT) = stationary
poiwt ot L(a,)),
heem  condifiom 3

= - i
4(x) =8 g'(“;%’(_,x,-x,_-t-'zw}:z

21X, -2 2 ° O
vi(x) = (uz > ) 9*4(z) ={o0 2 o
- ERL L o o0 -2

pos.-dedt for all x eR™
J
£(x) is Sfl‘ricl-l\& convey

v
¥ 15 local min on{ﬁtiﬂf'g""&?(

ot ™. 3- cowstr.



Example 3* i Twrovial

Consider the NLP problem:
: 2_1 2 1 2
» min f(xq,x5,x3) =3x7 — SX2 —5X5 + X1Xp — X1X3 + 2X5X3

S.L. 2x1 - x2+X3= 2
a) Write the Lagrangian function for this problem.

b) Use the Lagrangian to find local minimiser(s) for the given problem

*
from Linear and Non-Linear Programming by S.G.Nash and A.Sofer
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Example 3

Consider the NLP problem:
: 2 1.2 1 2
» min f(xq,x,,x3) =3x5 — SX2 —5X5 + X1Xp — X1X3 + 2X5X3

s.t. 2X1 — Xy+x3= 2

gum—

> V L(xy,%2,%3,4) = =




